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Abstract 

The notion of Poisson manifold with compatible pseudo-metric was intro- 
duced by the author in [1]. In this paper, we introduce a new class of Lie 
algebras which we call a pseudo-Riemannian Lie algebras. The two notions 
are strongly related: we prove that a linear Poisson structure on the dual of 
a Lie algebra has a compatible pseudo-metric if and only if the Lie algebra 
is a pseudo-Riemannian Lie algebra, and that the Lie algebra obtained by 
linearizing at a point a Poisson manifold with compatible pseudo-metric is 
a pseudo-Riemannian Lie algebra. Furthermore, we give some properties of 
the symplectic leaves of such manifolds, and we prove that every Poisson 
manifold with compatible metric ( every Riemann-Lie algebras) is unimodu- 
lar. As a final, we classify all pseudo-Riemannian Lie algebras of dimension 
2 and 3. 

1 Introduction 

Let P be a Poisson manifold with Poisson tensor ir. A pseudo-metric of 
signature (p, q) on the contangent bundle T*P is a smooth symmetric con- 
travariant 2-form <, > on P such that, at each point x G P, <, > x is non- 
degenerate on T*P with signature (p, q). For any pseudo-metric <, > on 
T*P, we define a contravariant connection in the sens of Fernandes [2] and 
Vaisman [4] by 

2<D a p,-f> = # ff (a). < /3,7 > +#*(/?). < a, 7 > -#^(7). < a, (3 > 
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+ < [a, /3] v , 7 > + < [7, a] w , (3 > + < [7, 0\ v , a > (1) 

where a, (3, 7 e ^(P) and the Lie bracket [, ] w is given by 

[a,p] n = L #Aa) (3 - L #7r{/3) a- d(7r(a,(3)) 
= i#„{ a )dP -i #v (fi)da + d(ir(a,P)). 

D will be called the Levi-Civita contravariant connection associated with the 
couple (-7T, <, >). D satisfies: 

1. D a (3 - Dpa = [a,(3] n ] 

2. # ff (a). < [3, 7 >=< -Dq,/?, 7 > + </?, ^7 > • 

Definition 1.1 With the notations above, the triple (P, ir, <,>) «s called a 
pseudo-Riemannian Poisson manifold if, for any a, (3, 7 e il 1 (P) ; 

^(a, /?, 7) = .tt(/3, 7) - 7r(L> a /3, 7) - tt(/3, L> a7 ) = 0. (2) 

When <,> is positive definite we call the triple a Riemann- Poisson manifold. 

Let (Q, [, ]) be a Lie algebra and let a be a non-degenerate bilinear and sym- 
metric form on Q. We define a bilinear map A : Q x Q — ► Q by 

2a(A u v, w) = a([u, v], w) + a([w, u],v) + a([w, v],u) (3) 

for any u,v,wEQ. A satisifes: 

1. A u v — A v u = [u, v]; 

2. a(A u v, w) + a(u, A u w) = 0. 

Definition 1.2 With the notations above, the triple (Q,[,],a) is called a 
pseudo-Riemannian Lie algebra if 

[A u v, w] + [u, A w v] = (4) 

for all u,v,w G Q. When a is positive definite we call the triple (Q, [, ],a) a 
Riemann-Lie algebra. 

In Section 1, we give some basic properties of a pseudo-Riemannian Poisson 
manifold and we prove the following theorems: 
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Theorem 1.1 Let (P, 7r, <, >) be a pseudo-Riemannian Poisson manifold. 
Then, for any point x G P such that the restriction of <, > to Ker# n (x) 
is non-degenerate, the Lie algebra Q x obtained by linearizing the Poisson 
structure at x is a pseudo-Riemannian Lie algebra. 

Theorem 1.2 Let Q be a Lie algebra. The dual of Q endowed with 

its linear Poisson structure n has a pseudo-metric <, > for which the triple 
(Q*, it, <, >)) is a pseudo-Riemannian Poisson manifold if and only if Q is a 
pseudo-Riemannian Lie algebra. 

Remark. The condition on a x in Theorem 1.1 is a condition which depend 
only on the symplectic leaf of x that means that if x satisfies this condition, 
since the parallel transport associated with D preserve ATer^ and <, >, 
each point on the symplectic leaf of x satisfies the condition. Moreover, any 
point in which the Poisson tensor vanish satisfies this condition and also any 
point in a Riemann-Poisson manifold. 
In Section 2, we prove the following theorems: 

Theorem 1.3 Let (P, n, <, >) be a Riemann-Poisson manifold and let S be 
a symplectic leaf of P. Then S is a Kahler manifold. 

Theorem 1.4 Let (P, ir, <, >) be a Riemann-Poisson manifold and let S be 
a symplectic regular leaf of P. Then the holonomy group of S is finite. 

In Section 3, we prove the following theorem: 

Theorem 1.5 Every Riemann-Poisson manifold is unimodular. In particu- 
lar, every Riemann-Lie algebra is unimodular. 

The proof of the following theorem is a very long calculation and we don't 
give it here. 

Theorem 1.6 1. The 2-dimensional abelian Lie algebra is the unique 2- 
dimensional pseudo-Riemann Lie algebra. 

2. The 3-dimensional Lie algebras which has a pseudo-Riemannian Lie alge- 
bra structure are: 

a) The Heisenberg Lie algebra given by 

[ei,e 2 ] = e 3 , [e 3 , e-y] = [e 3 , e 2 ] = 0, 
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b) A family of Lie algebras given by 

[e 1 ,e 2 ]=ae 2 + Pe 3 , [e 1 , e 3 ] = 7e 2 - ae 3 , [e 2 ,e 3 ]=0 
where a, (5, 7 e IR and a 2 + ^7 7^ 0. 

Furthermore, there is no Riemann-Lie algebra structure on the Heisenberg 
Lie algebra, and a Lie algebra among the above familly has a structure of 
Riemann-Lie algebra if and only if a 2 + flj < and 7 > f3. 

It seems, now, that the condition of compatibility given by (3) is a nice 
notion of compatibility beetwen Poisson structure and Riemann structure. 
Moreover, the Riemann-Lie algebras, more than are examples of Riemann- 
Poisson manifolds, give some new examples of homogeneous Kahler manifolds 
( the coadjoint orbits). 

2 Link beetwen pseudo-Riemannian Poisson 
manifolds and pseudo-Riemannian Lie al- 
gebras 

2.1 Basic materiel 

In this subsection, we collect the basic material which will be used through- 
out this paper. Many fundamental definitions and results can be found in 
Vaisman's monograph [4]. 

Let P be a Poisson manifold with Poisson tensor n. The Poisson bracket on 
P is given by 

{fuh} = n(df 1} df 2 ), / 1 ,/ 2 eC°°(P). (5) 
We also have a bundle map ^ n : T*P — > TP defined by 

/?(#„(«)) =7r(a,/J), a,[3eT*P 

On the space of differential 1-forms Q 1 (P), the Poisson tensor induces a Lie 
bracket 

[a,f3] w = L #Aa) f3 - L M) a - d(ir(a,P)) 

= i# w (a)df3-i# wW da + d(ir(a,[3)). (6) 
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For this Lie bracket and the usual Lie bracket on vector fields, the bundle 
map #,r induces a Lie algebra homomorphism ^ : fi x (P) — > X(P): 

#*([«,#*) = [#*(«), (7) 

We denote, as usual, by Xf = # n (df) the hamiltonian associated with the 
function / G C°°(P). We have 

Wi,df 2 ] v = d{A,/ 2 } = L Xfi df 2 , h,f 2 G C°°(P). (8) 

Let <, > be a pseudo-metric on the contangent bundle T*P and D the Levi- 
Civita contravariant connection associated with the couple (tt, <, >). 
For any f,g,h G C°°(P), we have 

Lx/ <, > (d<?, c?/i) = #n{df)- < dg, dh > — < L Xf dg, dh > — < dg, L Xf dh > 
= < Ddfdg, dh > + < dg, D^fdh > 

— < [df, dg] n , dh > — < dg, [df, dh] n > 
= < D dg df, dh> + < dg, D dh df > . 

So, we obtain, for any / G C°°(P) and any a,f3 G T*P, 

L Xj <, > (a, (3) =< D a df, (3> + <a, D p df > . (9) 

Now, we give a condition of compatibility beetwen the Poisson tensor n 
and the pseudo- metric <, > which is weaker than the condition given in the 
Definition 1.1. This is possible because the Poisson tensor tc has vanishing 
Schouten bracket [ty, 7t]s- In fact, since D has vanishing torsion and since the 
contravariant exterior differential d n associated with the bracket is given 
by d n Q = —[tv, Q]s, we can deduce obviously that, for any a, /3, 7 G fi 1 (P), 

-[tt, n] s (a, (3, 7) = Dn(a, (3, 7) + Dn({3, 7, a) + £^(7, a, (3). (10) 

From this formula and a straightforward calculation, we obtain, for any 
f,g,heC°°(P), 

-[n, 7v] s (df, dg, dh) - Dn(dh, df, dg) = n(D df dh, dg) + n(df, D dg dh). (11) 

Now, we can give a condition of compatibility beetwen the Poisson tensor 7r 
and the pseudo- metric <, > which is weaker than the condition given by (2). 



5 



Proposition 2.1 Let (P, n, <, >) 6e a Poisson manifold with a pseudo-metric 
on the cotangent bundle and D the Levi-Civita contravariant connection as- 
sociated with the couple (tt, <, >). The following assertions are equivalent: 

1. The triple (P, %,<,>) is a pseudo-Riemannian Poisson manifold. 

2. For any a, (3 G f^(P) and any f G C°°(P), 

7T(D a df,P) + 7r(a,D p df) = 0. (12) 



2.2 Proof of Theorem 1.1 

We recall the definition of the Lie algebra obtained by linearizing a Poisson 
structure at a point. (See [6]). 

Let (P, 7r) be a Poisson manifold and let x G P. We denote Q x = Ker# n (x). 
For any a, (5 G C/ x , set 

= 4(tt(5,/3)) 

where a, (3 G ^ 1 (P) such that 5^ = a and /3 X = /?. (Q x , [, ] x ) is a Lie algebra. 
Let (P, 7r, <, >) be a pseudo-Riemannian Poisson manifold. Fix a point x G P 
such that the restriction of <, > to Ker# n (x) is non-degenerate. We denote 
a the restriction of <, > to Q x and A the bilinear 2- form given by (3). 
For any a, f3 G Q x and <5, /3 G fi 1 (P) such that a x = a and /3 X = f3, we claim 
that 

(D~P) X = A a (3. 

In fact, for each ^ E Q x and 7 G ^ 1 (P) such that % = 7, we have 

2<P~/3,7> = #„(«). </?,7 >+# w (/3). < 5,7 > -#,(7). <5,/3> 
+ < [a, 7 > + < [7, 5] w , /3 > + < [7, 5 > . 

Since #^(a) x = #n{P)x = #n(l)x = and since [a, (3} n (x) = [a, f3] x , we have 

2<(D~P) xn >=2a(A a p n ). 

It remains to show that (D~f3) x G Q x . Indeed, for any /i G fi 1 (P), we have 

/i(#.(P^)) = TT^,^ 

= # w (5).7r(/3,/i) -tt((3,D~ii)^ 
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Since # n (a) x = #n{(3)x = 0, we deduce that {D~(3) x G Q x . 
Now, let / G C°°(P) such that d x f = 7. We have, from (12), 

n(DzdfJ)+ir(a,Djdf) = 0. 

Differentiating this relation at x, we obtain 

[Atf, P\x + [a, Afrhx = 
and the theorem follows. □ 

2.3 Proof of Theorem 1.2 

Let a be a bilinear non-degenerate symmetric form on Q such that the triple 
(Q, [, ],o) is a pseudo-Riemannian Lie algebra. We define on T*Q* = Q* x Q 
a pseudo- metric <, > by setting 

< (/x, u), {fi, v) >= a(u, v), ix G G*, (u, v) G Q 2 . 

For each vector v G Q, we can define a linear form on ^* denoted also v. For 
any u,v E Q and any yU G <?*,we have 

7r(dv, du)(fj) — fji([u, v])] [du,dv] n — d[u,v]; D du dv = d(A u v). 

It obvious that, in this case, (4) and (12) are equivalent. 
Suppose that there is a pseudo-metric on Q* such that the triple (Q*,n,< 
, >) is a pseudo-Riemannian Poisson manifold. The Lie algebra obtained by 
linearizing the Poisson structure at the origin of Q* is Q and the theorem 
follows by Theorem 1.1. □ 

3 Sypmlectic leaves and the holonomy of Riemann- 
Poisson manifold 

This section is devoted to the proof of Theorem 1.3 and Theorem 1.4. Before, 
we need some Lemmas. 
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Lemma 3.1 Let (P, n, <, >) be a pseudo-Riemannian Poisson manifold. Let 
S C P be a symplectic leaf an U an open of P. For any a, (3 G r2 1 (P) 7 we 
have 

# W («W = or #M\snu = # w (D a 0W = 0. (13) 
P £/ie Levi-Civita contravariant connection associated with (tt, <, >). 
Proof: We have 

Hence # w (a) = or = gives # ff (D Q /3) = 

Suppose that = 0. For any 7 G ^(P), 

l{#«{D a p)) = 7 ) 

= # ff (a).7r(/?, 7 )-7r(/3, J D a7 ) = 

and the lemma follows. □ 

Lemma 3.2 Lei (P, 7r, <, >) fre a Riemann- Poisson manifold. Let O be the 
regular open on which the rank of the Poisson tensor is locally constant. 
Then, we have: 

1. D is a T -connection on O in the sens of Fernandes [2], this means that, 
for any x G O and any a G T*P, we have 

#» = D a = 0; (14) 

2. D is a basic connection on O in the sens of Fernandes [2], this means 
that for any symplectic leaf S C O and for any a, {3 G VL l (0) such that 
#tt(/5)|s = 0, we have 

(D a p) ls =[a,P} n{s . (15) 

Proof: Let U be an open in O on which the rank of the Poisson tensor is 
constant. On U, the cotangent bundle splits 

T*P = Ker# n © Ker^ 

where Ker#^ is the <, >-orthogonal of Kerj^^. 



8 



Let x G U and a G T*P such that #n(ct) = 0. Choose a 1-forme a on [7 such 
that #7r(<5) = and 5 X = a. For any (3 G 1 (t/) we have, by Lemma 3.1, 
# w (D~f3) = 0. We claim that L>~/3 G Ker#^. Indeed, for any 7 G Ker# w , 
we have 

< £>~/3, 7 >= #,(5). < A 7 > - < A% >= - < /?,A;7 > • 

Now, by the spliting of T*P, (3 = f3 1 + ft and so < /3, D~j >=< (3 U D~j >. 
This quantity vanish from the definition of D, so D is a jF-connexion. Since 
D has a vanishing torsion, is also a basic connection. □ 

Lemma 3.3 Let (P, 7r, <, >) &e a Riemann-Poisson manifold. Let O be the 
regular open on which the rank of the Poisson tensor is locally constant. 
Then, we have: 

1. For any x G O, for any a, f3 G Ker# w (x) and for any f G C°°{0), we 
have 

L Xf <,> (a, (3) = 0; 

2. For any Casimir functions f, g, < df, dg > is a Casimir function. 

Proof: 1. follows from Lemma 3.2 and (9). 

2. Let (/, g) be a couple of Casimir functions on P and let h G C°°(P). We 
have 

{h, < df, dg >} = X h . < df, dg > 

= < D dh df, dg > + < df, D dh dg > 

= < Ddfdh + [dh, df] n , dg > + < df, Djgdh + [dh, dg}^ > . 

Now [dh,df] n = d{h, /} = and Ddfdh vanish on O by Lemma 3.2. So 
{h,< df,dg >} is zero on P since O is dense. □ 



3.1 Proof of Theorem 1.3 

Let (P, 7r, <,>) be a Riemannian-Poisson manifold and let S C P be a 
symplectic leaf. We denote the symplectic form of S by ujg. 
For any vectors fields X, Y tangent to S, we set 

v|y = # ff (D a /?)| S (16) 
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where #n(&)\s — X and #,r(/?)|s = Y. It follows from Lemma 3.1 that V s 
define a torsionless covariant connection on S and, obviously, we have 

V s u s = 0. 

For any x G S, we have 

T* X P = Ker# n (x) © (Xer# 7r (x)) ± 

and so the linear map ^(x) : (Ker# 7r (z))- L — ► T^S is an isomorphism. For 
any u, v e T^S 1 , we set 

^(u, u) =< ^(x)- 1 ^), ^(z)- 1 ^) > • (17) 

(iS, g s ) is a Riemann manifold and V s gs = and so V 5 is the Levi-Civita 
connection of gs- 

Now, it is classical (see [4]) that TS has a V s -parallel complex structure 
J = A(— A 2 )~2, where A is given by 

(jj s {u,v) = g s (Au,v). 

So S is a Kahler manifold. □ 

3.2 Proof of Theorem 1.4 

The linear Poisson holonomy was introduced by Ginzburg and Golubev in [3]. 
A more deep study of this notion was done by Fenrnandes in [2] essentially by 
the notion of basic connection. In the same paper, Fernandes introduces the 
notion of Poisson holonomy. For a regular leaf, the (linear) Poisson holonomy 
coincides with standart ( linear) holonomy. 

Let (P, 7r, <, >) be a Riemann- Poisson manifold and S a regular symplectic 
leaf. We prove that the holonomy group of S is finite. 
First step: The linear holonomy group of S is finite. 

The linear holonomy group of S coincides with the linear Poisson holonomy 
since the leaf is regular. Now, the linear Poisson holonomy can be determined 
by a basic connection ( see [R]). The Levi-Civita contravariant connection D 
is, by Lemma 3.2, a basic connection on a neighbourhood of S. Moreover, 
the parallel transport defined by D is given by isometries on Ker# n . This 
gives the claim. 
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Second step: The holonomy group of S is finite. 

The holonomy group coincides with the Poisson holonomy group since the 
leaf is regular. The Poisson holonomy is given by the hamiltonian flows. 
Now, let x e S and (q 1 , . . . , qk,Pi, ■ ■ ■ ,Pk, Hi, ■ ■ ■ , Hi) a Darboux coordinates 
defined on a neighbourhood U of x. We considere the submanifold N oi U 
defined by p = q = 0. We define a metric g N on T*N by 

g N (dyi, dyj) =< dy t , dyj > . (17) 

By considering (N,giy), we have according to Lemma 3.3 a well-defined no- 
tion of "transverse Riemann structure" along S and the holonomy preserve 
this transverse structure. Now, the elements of the holonomy group are 
isometries and their differentials at x are elements of linear holonomy group 
which is finite so the holonomy group is finite. □ 

4 Poisson- Riemann manifolds are unimodu- 
lar 

This section is devoted to the proof of Theorem 1.5. 

We begin with a metric version of the modular vector field. For the details 
on the modular vector field see [5]. 

Let (P, 7r) be a Poisson manifold and g a Riemannian metric on P. We denote 
: T*P — ► TP the musical isomorphism associated with g. Also g defines 
a density on P which we denote \i g . The modular vector field with respect 
to n g is given by 

K(f) = dw 9 ( X f) = -E^VeJ^e.) (18) 

i=i 

where V is the Levi-Civita connection associated to g, (ei, . . . , e n ) is a local 
orthonormal basis of vector fields and n = dimP. 

If h(u, v) = g(Ju, v) is another Riemann metric, we have fih = V detJ[i g and 

4>ii h = (f>n 9 ~ ^ X Ln(detJ)- (19) 

Now, we define a Riemann metric <, > on the cotangent bundle T*P by 

< a,P >= g(# g (a), a, (3 E T*P. 
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(We remark that any Riemann metric on the cotangent bundle T*P can be 
obtained in this may). 

Let D be the Levi-Civita contravariant connection associated with (tt, <, >). 
We claim that 

Y n n 
^ 9 = aE L *f <> > «i) = H < D a t df, an > (20) 
A i=i i=i 

where (cti , . . . , a n ) is a local othonormal basis of 1-forms. This fact follows 
easily from the following formula which is also easy to etablish: 

L Xf <, > (a, a) = -L Xf g{# g {a),#M), a,(3e T*P (21) 

Now, we considere a Riemann-Poisson manifold (P, %,<,>) and denote 4> <t> 
the modular vector field defined by (20). We will show that <5> is zero on 
P by showing that it is zero on the regular open O. 

Let i60 and S the symplectic leaf of x. We considere the symplectic form 
u s of S, the Riemannian metric gs on S given by (18) and V 5 its Levi-Civita 
connection. 

We have, in a neighbourhood of x, 

T*P = Ker# n ®(Ker# n ) ± . 

We choose (a±, . . . ,a{) and (/?!, . . . , /?„_/) two local orthonormal basis respec- 
tively of Ker# n and [Kerj^^ . We have, according to Lemma 3.2, 

n—l 

0<,>(/)(*) = E<^4f,A> 

1=1 

n— / 

= E^(v^ (ft) x / ,# 7r (A)) 
i=i 

= -div fls (X / )(a;). 

Now, according to Theorem 1.3 there is a Riemann metric h on S such 
that (S,h,u>s) is a Kahler manifold and such that the isomorphism J given 
by h(u, v) = gs{Ju, v) is V s -parallel. It follows that detJ is constant and 
div gs (Xf) = divh(Xf). To conclude, we recall the well-known fact that in 
a Kahler manifold the divergence with respect to the Kahler metric of any 
hamiltonian vector field is zero. 
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Now, let Q be a Riemann-Lie algebra. According to Theorem 1.2, Q* inher- 
its a structure of Poisson-Riemann manifold which is unimodular and the 
theorem follows. □ 
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